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VIRASORO CENTRAL CHARGES FOR NICHOLS ALGEBRAS
AM SEMIKHATOV
ABSTRACT. A Virasoro central charge can be associated with each Nichols algebra with
diagonal braiding in a way that is invariant under the Weyl groupoid action. The cen-
tral charge takes very suggestive values for some items in Heckenberger’s list of rank-2
Nichols algebras. In particular, this might be viewed as an indication of the existence
of reasonable logarithmic extensions of W3 ≡ WA2, WB2, and WG2 models of confor-
mal field theory. In the W3 case, the construction of an octuplet extended algebra—a
counterpart of the triplet (1, p) algebra—is outlined.
0. INTRODUCTION
In [1], we described a paradigm treating screening operators in two-dimensional con-
formal field theory as a braided Hopf algebra, a Nichols algebra [2, 3, 4, 5, 6, 7, 8,
9]. This immediately suggests that the inverse relation may also exist. Is any finite-
dimensional Nichols algebra with diagonal braiding an algebra of screenings in some
conformal model? This is a fascinating problem, especially considering the recent re-
markable development in the theory of Nichols algebras—originally a “technicality” in
Andruskiewitsch and Schneider’s program of classification of pointed Hopf algebras,
which has grown into a beautiful theory in and of itself (in addition to the papers cited
above and the references therein, also see [10, 11, 12, 8, 13, 14, 15, 16, 17]). Diagonal
braiding is assumed in what follows.
As many “inverse” problems, that of identifying a conformal field model behind a given
Nichols algebra is not necessarily well defined. It is of course well known that screenings
can be used to define models of conformal field theory; in particular, defining logarithmic
models as kernels of screening [18] turned out to be especially useful. But passing from
a Nichols algebras to screenings involves various ambiguities. Nevertheless, the central
charges associated with Nichols algebras in what follows have the nice property of being
invariant under the Weyl groupoid action—the natural “symmetry” up to which Nichols
algebras are classified [10, 19, 20].
To proceed beyond the central charge identification, I restrict myself to Nichols al-
gebras of rank two (already a fairly large number in terms of the possible conformal
models). All of these were listed by Heckenberger [21] (the general classification, for
any rank, was achieved in [7] and was reproduced in a different and independent way
in [15, 16, 17]). These notes are in fact a compilation of the original Heckenberger’s
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list with explicit results on the presentation of some Nichols algebras (obtained in [15]
for the standard type and in [22] in several nonstandard cases), and with several CFT
constructions added. The extended algebra of a logarithmic model—the octuplet algebra
extending the W3 algebra—is offered in only one case; the other CFT constructions are
merely a starting point for finding extended algebras.
For the Nichols algebra B(X) of a θ -dimensional braided linear space (X ,Ψ) (a rank-θ
Nichols algebra), we fix a basis (Fi)1≤i≤θ in X that diagonalizes the braiding Ψ : X⊗X →
X ⊗X ,
(1) Ψ(Fi⊗Fj) = qi, jFj⊗Fi,
and call the matrix (qi, j)1≤i, j≤θ the braiding matrix.
The relation to conformal field theory is based on representing the Fi as screening
operators
(2) Fi =
∮
eαi.ϕ
acting in a space of bosonic fields (or simply “bosons”). Here, ϕ(z) = (ϕ1(z), . . . ,ϕθ (z))
is a θ -component boson field with OPEs (16) (Appendix V), the dot denotes Euclidean
scalar product, and αi ∈ Cθ are such that the screenings have the self-braidings and the
monodromies coincident with those in (1):1
(3)
eipiαi.αi = qi,i,
e2ipiαi.α j = qi, jq j,i, i 6= j.
The ambiguities inherent in passing from a braiding matrix to screenings realized in
terms of free bosons are numerous. Already the “θ -boson space” on which the Fi act
can be chosen differently, e.g., including or not including exponentials eω.ϕ(z), where ω
ranges a lattice in Cθ . Furthermore, solving relations (3) for αi ∈ Cθ involves taking
logarithms, which introduces arbitrary integer parameters.
And yet the idea to look for a conformal model corresponding to a given Nichols alge-
bra is not altogether meaningless because the Virasoro central charge is invariant under
the Weyl groupoid action. I go into some detail here because the statement implicitly
refers to a procedure to deal with the ambiguities such that the invariance is nevertheless
ensured.
Whenever the αi are linearly independent, the screenings in (2) uniquely define a Vi-
rasoro algebra in their centralizer in the space of differential polynomials in the ∂ϕ j(z)
(∂ = ∂/∂ z). The general case is considered in Appendix V, and for θ = 2, for example,
1Notably, the conditions on the braiding matrix elements selecting a Nichols algebra involve only the
self-braidings qi,i and the monodromies qi, jq j,i for i 6= j.
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the central charge of Virasoro algebra is
(4)
c = 2−3
(
4+(α1.α1)(α2.α2)
)
(α1−α2).(α1−α2)+4(α1−α2).
(
(α1.α1)α2− (α2.α2)α1
)
(α1.α1)(α2.α2)− (α1.α2)2
.
On the Nichols algebra side, the Weyl groupoid action is defined as follows [10, 19, 20,
23]. There exists a generalized Cartan matrix (ai, j)1≤i, j≤θ such that ai,i = 2 and
(5) qai, ji,i = qi, jq j,i or q
1−ai, j
i,i = 1
holds for each pair i 6= j. The Weyl groupoid is generated by pseudoreflections acting
on the set of braiding matrices and defined for any k, 1 ≤ k ≤ θ . The reflected braiding
matrix has the entries
(6) R(k)(qi, j) = qi, jq−ak, ji,k q
−ak,i
k, j q
ak,iak, j
k,k .
It may or may not have the same generalized Cartan matrix.2 The use of this tool has
remarkably resulted in the classification of Nichols algebras with diagonal braiding [7].
With the screening momenta αi ∈ Cθ , 1 ≤ i ≤ θ , defined such that (3) holds, condi-
tion (5) is “lifted” to the scalar products as the condition
(7) 2αi.α j = ai, jαi.αi or (1−ai, j)αi.αi = 2
to be satisfied for each pair i 6= j. Several particular choices have been made in writing
this (for example, the 2, not some other even integer, in the second relation).
The Weyl reflections are now lifted to the scalar products by “naively taking the loga-
rithm” of (6) (which amounts to actual pseudoreflections in Cθ ):
(8) R(k)(αi.α j) = αi.α j−ak, jαi.αk−ak,iαk.α j +ak,iak, jαk.αk.
Weyl-reflecting the central charge amounts to replacing each αi.α j with R(k)(αi.α j) in
the system of equations that defines the central charge (see Appendix V).
Theorem. The central charge of the Virasoro algebra centralizing θ screenings in the
θ -boson space is invariant under (8) if conditions (7) hold.
This is proved in Appendix V; for example, in the rank-2 case (see (4)), the Weyl-
reflected central charge is expressed rather explicitly as
R(1)(c)− c =
3
(α1.α1)(α2.α2)− (α1.α2)2
(
2α1.α2−a1,2 α1.α1
)(
(a1,2−1)α1.α1 +2
)
(
a21,2 α1.α1−a1,2 α1.α1−2a1,2 α1.α2 +2α2.α2 +2a1,2−4
)
.
2If the diagonal braiding is of Cartan type, then Weyl reflections preserve the Cartan matrix. If a gener-
alized Cartan matrix (not of Cartan type) is the same for the entire class of Weyl-reflected braided matrices,
then such a generalized Cartan matrix and the braiding matrix are said to belong to the standard type.
Nonstandard braidings do exist [24, 15].
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The product
(
2α.β −a1,2 α.α)((a1,2−1)α.α +2) vanishes whenever (7) holds for i = 1
and j = 2, and hence c is indeed invariant under R(1); the invariance under R(2) is verified
similarly.
0.5. From Virasoro to extended algebras. The central charge value alone does not
specify a conformal field theory uniquely. In “good” cases, however—when the central
charge found from (4) is a function of a (discrete) parameter—the form of this dependence
does suggest what type of operators extend the Virasoro algebra and therefore what the
resulting conformal model is; and the centralizer of the screenings then turns out to be
sufficiently ample for an interesting conformal field theory to live in it. An exemplary
case is the W3 algebra, which centralizes two screenings associated with a braiding matrix
such that q1,1 = q2,2 = q and q1,2q2,1 = q−1, with a primitive root of unity q. From the
logarithmic perspective, this W3 algebra is a nonextended algebra, playing the same role
in relation to an extended algebra as the Virasoro algebra plays in relation to the triplet
algebras of (p,1) [25, 26, 27] and (p, p′) [28] logarithmic models. Specifically in the
W3 case, the extended algebra is the octuplet algebra described in Appendix W. Similar
constructions are expected in other good cases; I am optimistic about the fact that the
same generalized Dynkin diagram gives rise to a finite-dimensional Nichols algebra and
to an interesting conformal field theory. The intricate machinery underlying the finite
dimensionality of the corresponding Nichols algebra may manifest itself in constructing
new logarithmic models.3
In what follows, I therefore reproduce Heckenberger’s list of rank-2 finite-dimensional
Nichols algebras [21], with the only difference that I enumerate, not itemize the
subitems. For several items, I also add the presentations known from [15] and explicitly
borrowed from [22], including the case number in [22]. From the Nichols-algebra data,
I move toward conformal field theory by analyzing the conditions on the screening mo-
menta. When it is clear what current algebra extends the Virasoro algebra with the central
charge obtained from (4), I recall the explicit construction, presenting it in the form that
manifestly refers to the corresponding pair of screenings (once again, all extended alge-
bras except the one in Appendix W are not logarithmic extensions, but rather starting
points for such extensions).
0.9. Points to note.
0.91. In conformal field theory, fermionic screenings are often interesting. Their Nichols-
algebra counterparts are the diagonal entries −1 in braiding matrices. But given
a qi,i =−1 and trying to reconstruct a screening in general leads to the condition
3Recall that rational conformal field theories are generally defined as the cohomology of a complex
associated with the screenings, whereas logarithmic models are defined by the kernel (cf. [18, 27, 28, 29]).
In particular, this allows interesting logarithmic conformal models to exist in the cases where the rational
model is nonexistent (the (p,1) series) or trivial (the (2,3) model).
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αi.αi = 1+ 2m on the screening momentum, with m ∈ Z. For the correspond-
ing screening current f (z) = eαi.ϕ(z), it then follows that f (z) f (w) develops a
(1+2m)th-order zero as z → w. The cases where this zero is actually a pole are
somewhat pathological from the CFT standpoint; as regards the cases of a zero of
an order ≥ 3, I am unaware of any such examples of screenings. Only m = 0 is a
“good” value. Remarkably, solving conditions (7) with qi,i =−1 has the tendency
to select the value m = 0, thus ensuring a true fermionic screening.
0.92. Other integers appearing in “taking the logarithms” are not disposed of that eas-
ily. There are solutions of (7) where these integers vanish (and the central charge
depends on another integer parameter, the order of a root of unity); such solutions
are referred to as “regular” in what follows. But there also exist “peculiar” solu-
tions of (7) where some of these parasitic integers persist, and which have some-
what reduced chances to correspond to interesting CFT models. In fact, some
peculiar solutions are eliminated already by the conditions in Heckenberger’s list:
in some items, the order of the corresponding root of unity must not be too small,
and the peculiar solutions do require just one of those excluded values. This might
suggest that peculiar solutions should somehow be eliminated altogether, but if so,
then I have overlooked the argument.
0.93. Things get worse with the many items in the list that do not involve a free discrete
parameter such as the order of a root of unity. Isolated central charge values are
by no means illuminating, and remain entirely unsuggestive when expanded into
families by the occurrence of “parasitic integers.”
The unwieldiness of the “peculiar” central charges also thwarted my original
intention to provide each item in the list with a central charge. This can be done,
but the results are not indicative of anything. The corresponding items in the list
are therefore left in their original form given in [21].
0.94. In the “regular” cases, I choose a primitive pth root of unity as e
2ipi
p with an integer
p. This might unnecessarily restrict the generality, but the cases that follow with
this choice are already interesting. In “peculiar” cases, by contrast, I try to work
out the cases with e
2ipir
p , where r is coprime with p. The r parameter sometimes
survives till the central charge, but that’s where the story ends, because I do not
construct any current algebra generators beyond Virasoro in peculiar cases.
Mostly, I take the logarithm of relations such as eipix = e 2ipirs (where x is typically
a linear combination of scalar products) “honestly,” as x = 2r
s
+2ℓ, ℓ∈Z. In some
cases, the ensuing dependence on ℓ turns out to be “under control” (something
like a shift of the level of an affine Lie algebra with which the corresponding
conformal field theory is associated—which interestingly corresponds to a twist
equivalence of the braiding matrix), and I sometimes omit it.
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0.95. Strictly speaking, identifying a CFT model from its central charge that depends
on a parameter is an ill-defined procedure in the sense that given a central charge
c = f (p) and redefining the parameterization by an arbitrary function, p′ = g(p),
changes the “functional form” of c arbitrarily. It is tacitly understood that some
“natural” parameterizations are considered and very limited reparameterizations
are allowed (typically those that are known to occur in some CFT constructions).
0.99. Notation. The notation
Rℓ = the set of primitive ℓth roots of unity
is copied from [21] as part of the defining conditions in the list items. A braiding ma-
trix (1) is encoded in a generalized Dynkin diagram ◦ m1,2q1,1 ◦q2,2, where m1,2 = q1,2q2,1.
The A2, B2, and G2 Cartan matrices are
( 2 −1
−1 2
)
,
( 2 −2
−1 2
)
, and
( 2 −3
−1 2
)
. Vectors α,β ∈
C2 are the momenta of two screenings in what follows (α1 and α2 in the nomenclature
of (2)).
1. THE LIST, ITEM 1
The defining conditions are
q12q21 = 1 and q11,q22 ∈
∞⋃
a=2
Ra.
This is the “trivial” A1×A1 case. The corresponding CFT model is the product (p′,1)×
(1, p)) of two “(p,1)” models [27, 30], or, in the degenerate case where α and β are
collinear (and hence only one boson is needed), the (p′, p) model [28, 31].
2. THE LIST, ITEMS 2.∗
The defining conditions are
q12q21q22 = 1 and q12q21 6= 1,
plus any of conditions 2.1–2.7. In terms of the momenta α,β ∈ C2 of the screenings, the
common condition for all these cases takes the form
2α.β +β .β = 2m (m ∈ Z).
2.1 (5.7(1)[22]). q11q12q21 = 1, q12q21 ∈
⋃
∞
a=2 Ra, Cartan type A2, ◦
q−1q
◦
q
.
In terms of scalar products, the conditions are
α.α +2α.β = 2n (n ∈ Z), 2α.β =− 2p +2 j, |p| ≥ 2 ( j ∈ Z).
The braiding matrix (which is stable under Weyl reflections) is then parameterized as
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e
2ipi
p (−1) je−
ipi
p
(−1) je−
ipi
p e
2ipi
p
)
. None of the two screenings is fermionic unless |p|= 2.
Conditions (7) are not satisfied for all m, n, j, and p. There are several “peculiar”
solutions and a “regular” solution. The peculiar solutions are (m = 0, n =−k− 32 , p = 2,
j = −k− 32), (m = 0, n = −k− 32 , p = −2, j = −k− 52), (m = −k− 32 , n = 0, p = 2,
j = −k− 32), (m = −k− 32 , n = 0, p = −2, j = −k− 52), (m = k+ 32 , n = k+ 32 , p = 2,
j = k+ 32), and (n = m = k+ 32 , k+ 32 , p =−2, j = k+ 12) with half-integer k in all cases;
with this parameterization, the resulting central charge is in each case equal to 3kk+2 −1,
which is the central charge of the ŝℓ(2)k/ĥ coset (more on it is to be said below, when it
occurs as a “regular” solution).
The regular solution is m = n = 0, yielding the central charge
(9) c = 50− 24k+ 3 −24(k+3),
where k+3 = 1p − j (or, in view of the structure of the formula, 1k+3 = 1p − j). This is the
central charge of the W3 algebra parameterized in terms of the level k of the ŝℓ(3) affine
Lie algebra from which W3 can be obtained by Hamiltonian reduction.
The centralizer of the screenings does indeed contain a dimension-3 primary field W (z)
(unique up to an overall factor) in the space of differential polynomials in the fields
∂ϕα(z) = α.∂ϕ(z) and ∂ϕβ (z) = β .∂ϕ(z).
Explicitly, setting j = 0 for simplicity and omitting the (z) arguments in the right-hand
side for brevity,
(10) W (z) = ∂ϕα∂ϕα∂ϕα + 32∂ϕα∂ϕα∂ϕβ −
3
2∂ϕα∂ϕβ ∂ϕβ −∂ϕβ ∂ϕβ ∂ϕβ
−
9(p− 1)
2p ∂
2ϕα∂ϕα − 9(p− 1)4p ∂
2ϕα∂ϕβ +
9(p− 1)
4p ∂
2ϕβ ∂ϕα +
9(p− 1)
2p ∂
2ϕβ ∂ϕβ
+
9(p− 1)2
4p2 ∂
3ϕα −
9(p− 1)2
4p2 ∂
3ϕβ .
The Nichols algebra B(X) (of the two-dimensional braided vector space X with basis
F1 and F2 with braiding matrix (1)) is in this case the quotient [22]
(11) B(X) = T (X)/([F1,F1,F2], [F1,F2,F2], F p1 , [F1,F2]p, F p2 )
if p ≥ 3. Here and hereafter, square brackets denote iterated q-commutators constructed
in accordance with Lyndon word decomposition. If p = 2 (the screenings are fermionic!),
the triple-bracket generators of the ideal are absent. The dimension is dimB(X) = p3.
The elements F p1 and F
p
2 in the ideal indicate the “positions” of the long screenings
(12) Eα =
∮
e−α
∨.ϕ =
∮
e−pα.ϕ and Eβ =
∮
e−β∨.ϕ =
∮
e−pβ .ϕ (α∨ = 2α
α.α
),
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i.e., F p1 and F
p
2 “tend to be” the operators “opposite” to the respective long screening.
Generally, these long screenings are to produce m-plet structures in logarithmic models,
similarly to how the triplet structure of the (p,1) logarithmic models [25, 26] is generated
by the corresponding long screening [18]. For the current W3-case, the resulting octuplet
algebra is outlined in Appendix W.
2.2 (5.7(3)[22]). q11 =−1, q12q21 ∈
⋃
∞
a=3 Ra, Cartan type A2, ◦
q−1−1
◦
q
.
The conditions are restated in terms of the scalar products as
α.α = 1+2n (n ∈ Z), 2α.β =− 2p +2 j, |p| ≥ 3 ( j ∈ Z).
The braiding matrix is then parameterized as
(
−1 (−1) je−
ipi
p
(−1) je−
ipi
p e
2ipi
p
)
, and its Weyl reflec-
tions different from the original matrix is
(
−1 −(−1) je
ipi
p
−(−1) je
ipi
p −1
)
. The Weyl orbit also
contains the braiding matrix
(
e
2ipi
p (−1) je−
ipi
p
(−1) je−
ipi
p −1
)
.
The first screening “wants to be fermionic.” Remarkably, conditions (7) have a solution
only if m = n = 0 (would-be solutions with nonzero m or n require |p|= 2). Thus the −1
in the braiding matrix does indeed correspond to a fermionic screening in the standard
sense—an operator of the form
∮
F(z), where F(z)F(w) has a first-order, not a higher-
order, zero as z → w.
The solution for the scalar products with m = n = 0 yields the central charge
c =
3k
k+ 2 −1,
where k + 2 = 1p − j. This is the central charge of the ŝℓ(2)k/ĥ coset (where ĥ is the
Heisenberg subalgebra). The two currents j+(z) and j−(z) that are in the centralizer of
the screenings and generate the coset algebra can be expressed in terms of the two bosons
“in the direction” of each screening as4
(13)
j+(z) = e− 1k (2ϕα (z)+ϕβ (z)),
j−(z) =−(∂ϕα(z)∂ϕβ (z)+∂ϕα(z)∂ϕα(z)+(k+1)∂ 2ϕα(z))e
1
k (2ϕα (z)+ϕβ (z)).
Adding a boson χ(z) associated with the ĥ algebra immediately yields the three ŝℓ(2)k
currents
J±(z) = j±(z)e±
√
2
k χ(z) and J0(z) =
√
k
2 ∂ χ(z).
4The exponentials in (13) are assumed to be normal ordered, and the second line involves the (standard)
abuse of notation: nested normal ordering from right to left is in fact understood after the expression is
expanded.
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For p ≥ 3, the Nichols algebra is the quotient [22]
B(X) = T (X)/
(
[F1,F2,F2], F21 , F
p
2
)
,
with dimB(X) = 4p.
A long screening here is
Eβ =
∮
e−pβ .ϕ .
2.3 (5.11(3)[22]). q11 ∈ R3, q12q21 ∈⋃∞a=2 Ra, q11q12q21 6= 1, Cartan type B2, ◦ q−1ζ ◦q ,
R3 ∋ ζ 6= q.
In terms of the screening momenta, the conditions become
α.α =
2s
3 , 2α.β =−
2
p +2 j, |p| ≥ 2 ( j ∈ Z),
where s is coprime with 3. The braiding matrix is parameterized as
(
e
2ipis
3 (−1) je−
ipi
p
(−1) je−
ipi
p e
2ipi
p
)
and its Weyl reflection noncoincident with the original is
 e 2ipis3 (−1) je− ipi(4ps−3)3p
(−1) je−
ipi(4ps−3)
3p e
2ipi(4ps−3)
3p

.
Conditions (7) can be satisfied only if (m = 0, p = 3,s = 3ℓ− 1, j = 1− 2ℓ) or (m =
0, p =−3,s = 3ℓ+1, j =−1−2ℓ) (two peculiar solutions), or (m = 0,s= 1) (the regular
solution).
In both peculiar cases, the central charge is 86−60(k+3)− 30k+ 3 , where k+3 =−
1
3 +ℓ
(or 1k+3 = −23 + 2ℓ) in the first case and k + 3 = 13 + ℓ (or 1k+3 = 23 + 2ℓ) in the second
case. The central charge is that of the WB2 algebra, discussed in more detail below when
it appears as a “regular” solution.
In the regular case m = 0, the central charge is
c =−
21
2 −6z−
27
2(4z− 3),
where 1z =
1
p − j or 1z =− 1p + 43 + j.
The condition q11q12q21 6= 1 excludes the value p = 3.
If p ≥ 4, and p′ = ord(q11q−122 ) = ord(e
2ipi
3 −
2ipi
p ), then [22]
B(X) = T (X)
/(
[F1,F2,F2], F31 , [F1,F1,F2]
p′, F p2
)
,
with dimB(X) = 9pp′.
2.4. q11 ∈
⋃
∞
n=4 Ra, with two subcases listed below. To identify the central charges in
what follows, we use the formula [32]
(14) c(k) = ℓ−12 |(k+h
∨)ρ∨−ρ |2
k+h∨
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for the central charge of a W -algebra obtained by Hamiltonian reduction of a level-k affine
Lie algebra; h∨ is the dual Coxeter number, ρ is half the sum of positive roots, ρ∨ half the
sum of their duals, and ℓ is the rank of the corresponding finite-dimensional Lie algebra.
2.4.1 (5.11(1)[22]): q12q21 = q−211 , Cartan type B2, ◦
q−2q
◦
q2
.
In terms of scalar products, we then have
α.α =
2
p +2 j, |p| ≥ 4 ( j ∈ Z), 2α.β +2α.α = 2n (n ∈ Z).
The braiding matrix (stable under Weyl reflections) is
(
e
2ipi
p (−1)ne−
2ipi
p
(−1)ne−
2ipi
p e
4ipi
p
)
.
Conditions (7) hold in two peculiar cases and one regular case. The peculiar cases
are (m=−2 j,n= 0, p= 4) with c=−1− 244 j+1 + 244 j−1 and (m= 1−2 j,n= 0, p=
−4) with c =−1− 244 j−1 +
24
4 j−3 .
The regular case is m = n = 0, with
c = 86−60(k+3)− 30k+ 3 ,
where k + 3 = 1p + j (or 1k+3 = 2p + 2 j). This is the central charge of the WB2
algebra [33, 34, 35] (also see [36]) obtained by Hamiltonian reduction of the level-
k B(1)2 algebra (by formula (14), with |ρ |2 = 52 , |ρ∨|2 = 5, and 〈ρ ,ρ∨〉 = 72 for
B2).
The WB2 algebra contains a unique primary field of dimension 4. Explicitly, it
is a rather long (20 terms) differential polynomial in ∂ϕα(z) and ∂ϕβ (z),
p(p−3)(27p−32)∂ϕα∂ϕα∂ϕα∂ϕα +2p(p−3)(27p−32)∂ϕα∂ϕα∂ϕα∂ϕβ
−21p
(
p2−2
)
∂ϕα∂ϕα∂ϕβ ∂ϕβ − p(3p−2)(16p−27)∂ϕα∂ϕβ ∂ϕβ ∂ϕβ
−
p
4 (3p−2)(16p−27)∂ϕβ ∂ϕβ ∂ϕβ ∂ϕβ
+ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
−
(p−3)(3p−4)(30p3−115p2+144p−60)
3p2 ∂
4ϕα + (2p−3)(3p−2)(15p
3−72p2+115p−60)
3p2 ∂
4ϕβ
(all coefficients are polynomials in p with integer coefficients after the overall
renormalization by 12p2).
If p ≥ 5 is odd, then [22]
B(X) = T (X)
/(
[F1,F1,F1,F2], [F1,F2,F2], F p1 , [F1,F1,F2]
p, [F1,F2]p, F p2
)
,
with dimB(X) = p4. If p ≥ 4 is even, then
B(X) = T (X)
/(
[F1,F1,F1,F2], [F1,F2,F2], F
p
1 , [F1,F1,F2]
p
2 , [F1,F2]p, F
p
2
2
)
and dimB(X) = p
4
4 (the second generator of the ideal is absent for p = 4).
VIRASORO CENTRAL CHARGES FOR NICHOLS ALGEBRAS 11
2.4.2: q12q21 = q−311 , Cartan type G2, ◦
q−3q
◦
q3
.
In terms of scalar products, we now have
α.α =
2
p +2 j, |p| ≥ 4 ( j ∈ Z), 2α.β +3α.α = 2n (n ∈ Z).
The braiding matrix is parameterized as
(
e
2ipi
p (−1) j+ne−
3ipi
p
(−1) j+ne−
3ipi
p e
6ipi
p
)
and is stable
under Weyl reflections. Conditions (7) hold in the peculiar cases ( j = 0,m =
0, p = 4) with c = −10− 544n+1 +
24
4n−3 , (m = −3 j,n = 0, p = 6) with c = −23 +
400
3(18 j−1) −
36
6 j+1 , and (m = 1−3 j,n = 0, p = −6) with c = −23 + 4003(18 j−7) − 366 j−1
and in the regular case m = n = 0 with the central charge
c = 194−168(k+4)− 56k+ 4 ,
where k + 4 = 1p + j (or 1k+4 = 3p + 3 j). This is the central charge of the WG2
algebra [37, 35] (also see [36, 38]) obtained by Hamiltonian reduction of the level-
k G(1)2 algebra (by formula (14), with |ρ |2 = 14, |ρ∨|2 = 143 , and 〈ρ ,ρ∨〉 = 8
for G2). The WG2 algebra contains a unique primary field of dimension 6, which
is by far too long to be given here (see [35, 37, 38]).
The remaining subcases of Case 2 may all be considered “peculiar” to some extent.
The values of c are equally “peculiar.”
2.5. q12q21 ∈ R8, q11 = (q12q21)2, Cartan type G2, ◦
ζζ 2
◦
ζ−1
, ζ ∈ R8.
The conditions reformulate in terms of scalar products as
2α.β = r4 +2 j ( j ∈ Z), α.α −4α.β = 2n,
where r is odd. The braiding matrix is
(
ir (−1) je ipir8
(−1) je ipir8 e− 14 ipir
)
and its Weyl reflection differ-
ent from the original matrix is
(
ir (−1) je 38 ipir
(−1) je 38 ipir (−1)r
)
. Conditions (7) can be satisfied only
if (m = 0,r = 1−8 j−4n), yielding the central charge c =−10− 484n−1 + 1084n−9 . For n = 0,
this gives the celebrated central charge value
c = 26.
2.6. q12q21 ∈ R24, q11 = (q12q21)6, ◦
ζζ 6
◦
ζ−1
, ζ ∈ R24.
The conditions for the scalar products are
2α.β = r12 +2 j ( j ∈ Z), α.α−12α.β = 2n,
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where r is coprime with 2 and 3. The braiding matrix
(
ir (−1) je ipir24
(−1) je ipir24 e− ipir12
)
has the G3
Cartan matrix, but its nontrivial Weyl reflection is
(
ir (−1) je 1124 ipir
(−1) je 1124 ipir e 2ipir3
)
, with the asso-
ciated generalized Cartan matrix
( 2 −3
−2 2
)
; various other generalized Cartan matrices are
produced under further Weyl reflections.
Conditions (7) are satisfied only if (m = 0,r = 1−24 j−4n), with c = −10− 1444n−1 +
324
4n−25 (that r be coprime with 2 and 3 selects the values n = 2+3ℓ or n = 3+3ℓ, ℓ ∈ Z).
2.7. q12q21 ∈ R30, q11 = (q12q21)12, ◦
ζζ 12
◦
ζ−1
, ζ ∈ R30.
In terms of scalar products,
2α.β = r15 +2 j ( j ∈ Z), α.α−24α.β = 2n,
where r is coprime with 30. The braiding matrix, parameterized as
(
e
4ipir
5 (−1) je ipir30
(−1) je ipir30 e−
ipir
15
)
,
has the associated generalized Cartan matrix
( 2 −4
−1 2
)
. The nontrivial Weyl reflection is(
e
4ipir
5 (−1) j+re− 730 ipir
(−1) j+re− 730 ipir (−1)r
)
, with the same generalized Cartan matrix, but other (gen-
eralized) Cartan matrices are produced under further Weyl reflections. Conditions (7)
are solved by (m = 0,n = 1+ 2ℓ,r = −2− 5ℓ− 30 j), where ℓ = 1+ 6u or ℓ = 3+ 6u,
u ∈ Z, respectively yielding the incomprehensible c = −625 +
2916
5(30u−17) −
180
30u+7 and c =
−625 +
2916
5(30u−7) −
180
30u+17 .
3. THE LIST, ITEMS 3.∗
The defining conditions are
q12q21 6= 1, q11q12q21 6= 1, q12q21q22 6= 1, q22 =−1, q11 ∈ R2∪R3,
plus any of conditions 3.1–3.7. In terms of the screening momenta, the common condi-
tions are
β .β = 1+2m (m ∈ Z), α.α = 1 or 2s3 ,
where s is coprime with 3.
3.1 (5.7(4)[22]). q11 =−1, q12q21 ∈⋃∞a=3 Ra, Cartan type A2, ◦ q−1 ◦−1 .
In terms of scalar products of the screening momenta, these conditions are
α.α = 1+2n (n ∈ Z), 2α.β = 2p +2 j, |p| ≥ 3 ( j ∈ Z).
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Both screenings “want to be fermionic.” The braiding matrix is
(
−1 (−1) je
ipi
p
(−1) je
ipi
p −1
)
and
its Weyl reflections are
(
−1 −(−1) je−
ipi
p
−(−1) je−
ipi
p e
2ipi
p
)
and
(
e
2ipi
p −(−1) je−
ipi
p
−(−1) je−
ipi
p −1
)
.
Remarkably, conditions (7) are satisfied (with |p| ≥ 3) only for m = n = 0 (no “pecu-
liar” solutions!), yielding the ŝℓ(2)k/ĥ central charge
c =
3k
k+ 2 −1,
where k+1 = 1p + j. For j = 0, in particular, this relation between k and p takes the form
1
p+1 +
1
k+2 = 1.
This “duality” between two levels, k and p−1, was extensively used in [39, 40] (see also
the references therein); in particular,
ŝℓ(2)k/ĥ= ŝℓ(2|1)p−1/ĝℓ(2)p−1,
offering another view on what the CFT counterpart of the Nichols algebra is.5
The currents generating the ŝℓ(2)k/ĥ coset algebra are given by
(15)
j+(z) = ∂ϕβ (z)e
1
k (ϕα (z)−ϕβ (z)),
j−(z) = ∂ϕα(z)e−
1
k (ϕα(z)−ϕβ (z))
(as before, ϕα(z) = α.ϕ(z) and ϕβ (z) = β .ϕ(z) are the boson fields “in the direction” of
the corresponding screening). With an extra boson χ(z) added to account for the missing
ĥ, the ŝℓ(2)k algebra currents are reconstructed as
J±(z) = j±(z)e±
√
2
k χ(z), J0(z) =
√
k
2 ∂ χ(z).
The ŝℓ(2) algebra is well known, since the “old” studies of the Wakimoto bosonization,
to be described as a centralizer of two fermionic screenings “at an angle” to each other.6
In this item in the list, we see again that imposing relations (7) implies that both −1 in the
braiding matrix translate exactly into true fermionic screenings.
For p ≥ 3, the Nichols algebra is given by [22]
B(X) = T (X)/
(
F21 , [F1,F2]
p, F22
)
with dimB(X) = 4p.
5This coset equivalence belongs to a vast subject discussed in [41].
6The Wakimoto bosonization [42] yields two essentially different three-boson realizations of ŝℓ(2)—
the “symmetric” and the “nonsymmetric” ones, respectively centralizing two fermionic screenings and one
bosonic plus one fermionic screening. The names refer to the “ j+ ↔ j− symmetric” structure of (15)
and the “asymmetric” structure of (13). Somewhat broader, the “variously symmetric” realizations are
discussed in [40].
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3.2. There are two subcases.
3.2.1: q11 ∈ R3, q12q21 = q11, Cartan type B2, ◦
ζζ
◦
−1
, ζ ∈ R3.
This reformulates in terms of scalar products of the screening momenta as
α.α =
2s
3 +2ℓ (ℓ ∈ Z), 2α.β = α.α +2n (n ∈ Z),
where s is coprime with 3. The braiding matrix, which is then parameterized as(
e
2ipis
3 (−1)n+ℓe ipis3
(−1)n+ℓe ipis3 −1
)
, has the Cartan type B2. Its nontrivial Weyl reflection is(
−e
4ipis
3 −(−1)n+ℓe− 13 ipis
−(−1)n+ℓe− 13 ipis −1
)
.
Once again, conditions (7) ensure that the tentative fermionic screening is such
indeed, i.e., m = 0: the conditions can be solved only if (m = 0,s = 1− 3ℓ) or
(m = 0,s = −n− 3ℓ). These cases respectively yield the unilluminating central
charges 2− 6(12n−7)9n2+6n−5 and −1−
36
2n+3 +
18
n
.
3.2.2 (5.11(4)[22]): q11 ∈ R3, q12q21 =−q11, Cartan type B2, ◦
−ζζ
◦
−1
, ζ ∈ R3.
Then
α.α =
2s
3 , 2α.β −α.α = 1+2n,
where s is coprime with 3. The braiding matrix
(
e
2ipis
3 (−1)n+ℓie ipis3
(−1)n+ℓie ipis3 −1
)
is of
Cartan type B2. Its Weyl reflections are
(
e
2ipis
3 −(−1)n+ℓie ipis3
−(−1)n+ℓie ipis3 −1
)
and(
e
4ipis
3 −(−1)n+ℓe−ipi( s3+ 12 )
−(−1)n+ℓe−ipi( s3+ 12 ) −1
)
.
Conditions (7) are solved only if (m = 0,s = 1− 3ℓ), which leaves us with
another incomprehensible c = 2− 24(12n−1)36n2+60n+1 (which is c = 26 at n = 0, however).
The Nichols algebra is given by the quotient [22]
B(X) = T (X)/
(
[F1,F1,F2,F1,F2], F31 , F
2
2
)
with dimB(X) = 36.
The remaining subcases are equally unsuggestive, and the details are omitted.
3.3. q0 := q11q12q21 ∈ R12, q11 = q40. This translates into
α.α +2α.β = 2r12 +2 j, α.α = 4α.α +8α.β +2n.
3.4. q12q21 ∈ R12, q11 =−(q12q21)2, or
2α.β = 2r12 +2 j, α.α = 4α.β +1+2n.
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3.5. q12q21 ∈ R9, q11 = (q12q21)−3, or
2α.β = 2r9 +2 j, αα =−6α.β +2n.
3.6. q12q21 ∈ R24, q11 =−(q12q21)4, or
2α.β = 2r24 +2 j, α.α = 8α.β +2n.
3.7. q12q21 ∈ R30, q11 =−(q12q21)5, or
2α.β = 2r30 +2 j, α.α = 10α.β +1+2n.
4. THE LIST, ITEMS 4.∗
The conditions are
q12q21 6= 1, q11q12q21 6= 1, q12q21q22 6= 1, q22 =−1, q11 /∈ R2∪R3,
plus any of the conditions in cases 4.1.–4.8.
In terms of the screening momenta, the common condition is
β .β = 1+2m,
showing that Fβ is a candidate for a fermionic screening.
4.1 (5.11(2)[22]). q11 ∈ ⋃∞a=5 Ra, q12q21 = q−211 , Cartan type B2, ◦ q−2q ◦−1.
In terms of screenings,
α.α =
2
p +2 j, |p| ≥ 5 ( j ∈ Z), 2α.α +2α.β = 2n.
Then the braiding matrix is parameterized as
(
e
2ipi
p (−1)ne−
2ipi
p
(−1)ne−
2ipi
p −1
)
. Its Weyl reflection
noncoincident with the original matrix is
(
−e−
2ipi
p −(−1)ne
2ipi
p
−(−1)ne
2ipi
p −1
)
.
Remarkably, once again, conditions (7) are satisfied only for m = n = 0 (tentative “pe-
culiar” solutions are with |p| ≤ 4). Hence, Fβ is indeed a standard fermionic screening.
The central charge is then given by
c =−25+ 24k+ 3 +6(k+3),
where 1p + j = − 1k+1 (or 1p + j = 12 + 1k+1). Somewhat mysteriously, this is minus the
central charge
c
W
(2)
3
= 25− 24k+ 3 −6(k+3)
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of the W(2)3 algebra, which can be obtained by a “partial” Hamiltonian reduction of ŝℓ(3)k
and which has a three-boson realization [43, 44, 40].7
The Nichols algebra is the quotient [22]
B(X) = T (X)
/(
[F1,F1,F1,F2], F p1 , [F1,F2]
p′, F22
)
,
where p′ = ord(−e
2ipi
p ), with dimB(X) = 4pp′.
None of the remaining cases currently seems illuminating in any respect.
4.2. q11 ∈ R5∪R8∪R12∪R14∪R20, q12q21 = q−311 .
4.3. q11 ∈ R10∪R18, q12q21 = q−411 .
4.4. q11 ∈ R14∪R24, q12q21 = q−511 .
4.5. q12q21 ∈ R8, q11 = (q12q21)−2.
4.6. q12q21 ∈ R12, q11 = (q12q21)−3.
4.7. q12q21 ∈ R20, q11 = (q12q21)−4.
4.8. q12q21 ∈ R30, q11 = (q12q21)−6.
5. THE LIST, ITEMS 5.∗
I merely reproduce the original items from the list of Nichols algebras. The basic
conditions are
q12q21 6= 1, q11q12q21 6= 1, q12q21q22 6= 1, q11 6=−1, q22 ∈ R3,
to which further conditions in 5.1.–5.5. are to be added one by one.
5.1. q0 := q11q12q21 ∈ R12, q11 = q40, q22 =−q20.
5.2. q12q21 ∈ R12, q11 = q22 =−(q12q21)2.
5.3. q12q21 ∈ R24, q11 = (q12q21)−6, q22 = (q12q21)−8.
5.4. q11 ∈ R18, q12q21 = q−211 , q22 =−q311.
5.5. q11 ∈ R30, q12q21 = q−311 , q22 =−q511.
7T. Creutzig has suggested that this a quotient of some CFT that has central charge zero and contains the
W
(2)
3 subalgebra. The W
(2)
n algebras can be rather versatile [45, 46].
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ℵ0. CONCLUSIONS
Some additions to the above list (including the currently uninteresting items?!) might
hopefully follow in the future. A variety of isolated central charge values for lower-
rank W -algebras can be found in [47] (also see [48]), with interesting possibilities of an
overlap with the isolated values which I deemed uninteresting. I know nothing about a
CFT counterpart of one “regular” case, 2.3 (a G(3) reduction?). More presentations of
nonstandard type appeared recently in [49].
As a more specific result, the construction of an octuplet algebra—a W3-counterpart of
the (1, p) triplet algebra—should be noted.
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to Yi-Zhi Huang and the other organizers for their hospitality in Beijing. I also thank
T. Creutzig, I. Tipunin, and S. Wood for useful discussions and I. Angiono for comments,
and the referee for suggestions. This paper was supported in part by the RFBR grant
11-01-00830 and the RFBR–CNRS grant 09-01-93105.
APPENDIX V. VIRASORO ALGEBRA
In CFT, the Virasoro algebra
[Lm,Ln] = (m−n)Lm+n +
c
12(m−1)m(m+1), m,n ∈ Z
standardly appears in the guise of an energy–momentum tensor T (z) = ∑n∈ZLnz−n−2—a
(chiral) field on the complex plane that satisfies the OPEs
T (z)T (w) = c/2
(z−w)4
+
2T (z)
(z−w)2
+
∂T (z)
z−w
.
The c parameter (understood to be multiplied by the unit operator whenever necessary) is
called the central charge.
For θ bosonic fields ϕ(z) = (ϕ1(z), . . . ,ϕθ (z)) with the OPEs
(16) ϕ i(z)ϕ j(w) = δ i j log(z−w),
which are also frequently used in calculations in the form
∂ϕ i(z)∂ϕ j(w) = δ
i j
(z−w)2
,
the energy–momentum tensors are parameterized by ξ ∈ Cθ ,
(17) Tξ (z) = 12∂ϕ(z).∂ϕ(z)+ξ .∂ 2ϕ(z).
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The corresponding central charge is
(18) cξ = θ −12ξ .ξ .
The OPE of Tξ (z) with a vertex operator eµ.ϕ(z) is
Tξ (z)eµ.ϕ(w) =
∆eµ .ϕ(w)
(z−w)2
+
∂eµ .ϕ(w)
z−w
, ∆ = 12 µ.µ −ξ .µ
A screening operator is, by definition, any expression
∮
V (·), where V (z) is a field of
dimension ∆ = 1 (and the contour integration is essentially equivalent to taking a residue
“after the action of V (z) is evaluated”). For θ = 2, any two exponentials eα.ϕ(z) and
eβ .ϕ(z) with noncollinear α,β ∈C2 define screening operators with respect to the energy–
momentum tensor
T (z) = 12∂ϕ(z).∂ϕ(z)
−
(2+α.β −α.α)β .β − 2α.β
2δ 2 ∂
2ϕα(z)−
(2+α.β −β .β )α.α− 2α.β
2δ 2 ∂
2ϕβ (z),
where ∂ϕα(z) = α.∂ϕ(z) and ∂ϕβ (z) = β .∂ϕ(z), and δ 2 = (α.α)(β .β )− (α.β )2. This
gives formula (4) for the central charge.
Next, I show that the central charge of the θ -boson energy–momentum tensor that cen-
tralizers θ screenings
∮
eαi.ϕ(z), 1≤ i≤ θ , with linearly independent momenta is invariant
under Weyl reflections (8) if Eqs. (7) hold.
Given the αi, 1≤ i≤ θ , the condition that all the exponentials eαi.ϕ(z) have dimension 1
is expressed by the system of equations for ξ
1
2αi.αi−ξ .αi = 1, 1 ≤ i ≤ θ .
With ξ written as ξ = ∑θj=1 x jα j, this becomes a system for the x j,
(19) 12αi.αi−
θ
∑
j=1
x jα j.αi = 1, 1 ≤ i ≤ θ ,
uniquely solvable if the αi are linearly independent.
Under a Weyl groupoid operation R(k) in (8), the scalar products change and the solu-
tion (x j) also changes. The “old” and “new” central charges are
c = θ −12
θ
∑
ℓ, j=1
xℓx jαℓ.α j and R(k)(c) = θ −12
θ
∑
ℓ, j=1
x˜ℓx˜ jR(k)(αℓ.α j),
where the x˜ j solve the system “R(k)((19)).” With x˜ j = x j + y j, this system becomes
1
2αi.αi−ak,iαi.αk +
1
2a
2
k,iαk.αk
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−
θ
∑
j=1
(x j + y j)(α j.αi−ak,iα j.αk−ak, jαk.αi)+ak, jak,iαk.αk) = 1, 1≤ i ≤ θ
(for a chosen k). The claim is that this system of equations for the “deformation” of the
original solution is solved by the ansatz y j = δ j,ky. To see this, substitute such y j and
use (19) in the resulting equations, which then become
ak,i
(1
2αk.αk(ak,i +1)−αi.αk−1
)
+
(
y+
θ
∑
j=1
x jak, j
)
(αk.αi−ak,iαk.αk) = 0,
where 1≤ i≤ θ . Remarkably, if (7) holds, then the above equations are indeed solved by
(20) y = 1− 2
αk.αk
−
θ
∑
j=1
x jak, j.
It remains to find the new central charge. With x˜ j = x j +δ j,ky,
θ
∑
ℓ, j=1
x˜ℓx˜ jR(k)(αℓ.α j) =
θ
∑
ℓ, j=1
xℓx j(αℓ.α j−2ak,ℓα j.αk +ak,lak, jαk.αk)
+2
θ
∑
j=1
yx j(ak, jαk.αk−αk.α j)+ y2αk.αk
and yet another use of (19) shows that this is
=
θ
∑
ℓ, j=1
xℓx jαℓ.α j +
(
y+
θ
∑
j=1
x jak, j
)(
yαk.αk +2−αk.αk +
θ
∑
ℓ=1
xℓak,ℓαk.αk
)
,
where the last factor vanishes by virtue of (20). The central charge is invariant.
APPENDIX W. W3 LOGARITHMIC OCTUPLET ALGEBRAS
With the two screenings as in case 2.1 (the “regular” solution there, with central charge
(9) and the W (z) field (10)), I propose a W3 counterpart of the (1, p) triplet algebra [25, 26]
by closely following the constructions in [18].
An octuplet of primary fields is generated from the field eγ .ϕ(z) with γ ∈ C2 such that
γ.α∨ = p and γ.β∨ = p, i.e., from the field
W(z) = eγ .ϕ(z), γ = α∨+β∨
(which is in the kernel of the two screenings Fα =
∮
eα.ϕ and Fβ =
∮
eβ .ϕ). This is a
Virasoro primary field of dimension ∆ = 3p−2, that is,
LnW(z) = 0, n ≥ 1,
L0W(z) = ∆W(z), ∆ = 3p−2,
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and, moreover, a W3 primary: as is easy to verify, the modes of the dimension-3 field
W (z) = ∑n∈ZWnz−n−3 in (10) act on W(z) such that
WnW(z) = 0, n ≥ 0.
Then the long screenings (12) generate the octuplet
W(z)
Eα Eβ
Wα(z)
Eα
Eβ
Wβ (z)
Eα Eβ
0 Wβα(z) Wαβ (z)
Eα Eβ
Eα Eβ
0
Wαβα(z)
Eα Eβ
Wβαβ (z)
Eα Eβ
0 Wααββ (z)
Eα Eβ
0
0 0
Here, Wα(z)=EαW(z), Wβα(z)=EβWα(z), and so on, and Wααββ (z)=EβWαβα(z)=
EαWβαβ (z); the dashed arrows represent maps to the target field up to a nonzero overall
factor ( (−1)p2 ). All the fields in the diagram are W3-algebra primaries, with the same Vira-
soro dimension. All fields below the top are of the form W•(z) = P•(∂ϕ(z))eµ•.ϕ(z),
where the momenta µ• are immediately read off from the diagram as µα = γ − α∨,
µαβ = µβα = γ −α∨− β∨ = 0, and so on, and the P•(∂ϕ(z)) are differential polyno-
mials in ∂ϕα(z) and ∂ϕβ (z), of the orders ord(Pα) = ord(Pβ ) = p− 1, ord(Pαβ ) =
ord(Pβα) = 3p−2, ord(Pαβα) = ord(Pβαβ ) = 3p−3, and ord(Pααββ ) = 4p−4.
Calculations in particular examples show the OPE
W(z)Wααββ (w) =
c1 ·1
(z−w)6p−4
+
c2 T (w)
(z−w)6p−6
+
c2/2∂T (w)
(z−w)6p−7
+ . . .
with nonzero coefficients (and no dimension-3W (w) field), and the OPEsWα(z)Wβαβ (w)
and Wβ (z)Wαβα(w) that start very similarly. The adjoint-sℓ(3) nature of the octuplet
manifests itself in the OPEs such as
Wα(z)Wβ (w) =
c3W(w)
(z−w)3p−2
+ . . . ,
Wα(z)Wαβα(w) = O(z−w),
Wβ (z)Wβαβ (w) = O(z−w),
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Wαβα(z)Wβαβ (w) =
c′3Wααββ (w)
(z−w)3p−2
+ . . . .
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